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INTRODUCTION
In this note, we assume that we are given a finite simple group G with
principal p-block B and that the subgroup H of G is the normalizer of a1
Sylow p-subgoup P. We let b denote the principal p-block of H. We1
 .  .further assume that there is a perfect isometry t from ch b onto ch B .1 1
 .Here, ch b denotes the Z-submodule of the character ring of H spanned1
by the complex irreducible characters in b . Finally, we assume that1
 .HrO H is a Frobenius group whose kernel is the image of P and whosep9
complement is a group E which has e conjugacy classes.
We regard the irreducible characters of b which have P in their1
kernels as ``non-exceptional.'' There are e such characters, and further-
 .  4more e s , b . We label these characters as m , . . . , m , where m is1 1 e 1
trivial. For each i F e there is a unique sign e and a unique irreduciblei
character x of G such that mt s e x . Furthermore, x / x for i / j. Wei i i i i j
 4regard x , . . . , x as the ``non-exceptional'' characters of B . This is an1 e 1
abuse if H acts transitively on non-identity elements of P, but one which
we are reconciled to.
We view our main result as an attempt to limit the possibilities for the
choice of perfect isometry or to give an easy criterion to check that no
perfect isometry can exist in certain situations.
THEOREM. All non-exceptional characters in B are constant on p-singu-1
 .lar elements. In particular, there are at least , B irreducible characters of1
 .B which take constant non-zero ¤alues on p-singular elements.1
Furthermore, it is always possible to modify the perfect isometry t so
that it sends the trivial character of H to the trivial character of G.
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Proof. If H acts transitively on non-identity elements of P, then P
must be elementary Abelian and all irreducible characters of b are1
 .constant on p-singular elements. Furthermore as t is perfect , we have
 .  .   ., B s , b and k B s k b . The unique non-trivial p-section of H1 1 1 1
 .  .  .  .contributes 1 towards k b y , b , so that k b s 1 q , b . For1 1 1 1
x g Pa, no irreducible character in B vanishes identically on the p-sec-1
tion of x since B does not have defect 0 and this p-section contains all1
p-singular elements of G, so that the p-section of x contributes at least 1
 .to k B . Since H and G each have precisely two p-sections under the1
 .  .  .  .current hypotheses and since k B s k b s 1 q , b s 1 q , B , it1 1 1 1
 .follows that each irreducible character of B is constant and non-zero on1
the unique non-trivial p-section of G. Hence we may assume from now on
that H acts intransitively on non-identify elements of P, and we do so.
 4Let u : 1 F j F m be the set of ``exceptional'' characters of b , that is,j 1
 .  .those with O H , but not O H , in their kernels. Notice that m G 2p9 p9, p
under the current hypotheses. For 1 F j F m, there is a unique sign d andj
a unique irreducible character c such that u t s d c . Furthermore, c /j j j j j
 4c for j / k and c / x for any i, j. We regard c : 1 F j F m as the setk j i j
of ``exceptional'' characters of B .1
  . .t  .For 1 F i F e, m y m 1 m s e x y e m 1 x . Furthermore, thisi i 1 i i 1 i 1
generalized character vanishes on all p-singular elements of G as t is
 .perfect and m y m 1 m vanishes on all p-singular elements of H. Hencei i 1
x agrees with e e x on all p-singular elements, for 1 F i F e. Thei i 1 1
reader should beware that there is no reason to suppose that x is the1
trivial character of G. However, to complete the proof of the first asser-
tion, it suffices to prove that the trivial character of G is a non-exceptional
character of B for then all non-exceptional characters of B must be1 1
.constant on p-singular elements, as one is .
 .  .For j / k with 1 F j, k F m, u 1 u y u 1 u vanishes on all p-regularj k k j
 .  .elements, so applying t shows that u 1 d c y u 1 d c vanishes on allj k k k j j
p-regular elements. Taking the value at the identify shows that d s dj k
 .s d , say . We will derive a contradiction by assuming that some c is thej
trivial character. In that case, we label so that c is trivial. Then for1
 .2 F k F m, we know from the above that u c y u 1 c vanishes on all1 k k 1
 .  .  .p-regular elements. In particular, c 1 s u 1 ru 1 . However, for 1 F jk k 1
 . < <  .F m, we know that u 1 s E b 1 for some irreducible character b ofj j j
 .P. It readily follows that c 1 is a power of p. This contradicts ak
well-known result of Brauer that no non-trivial irreducible character in the
principal p-block of a finite simple group can have degree a power of p.
For the sake of convenience, we refresh the reader's memory in our
 .  .situation: choose x a non-identity element of Z P . Then c x / 0 byk
the standard congruence for the principal block, as p does not divide
w  .x  . w  .xG : C x . But c 1 and G : C x are relatively prime, so as we haveG k G
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 .already excluded the possibility c x s 0; Burnside's well-known resultk
 .  .forces c x s vc 1 for some root of unity v, which contradicts thek k
.simplicity of G as c is non-trivial.k
To prove the last assertion, we first note that for any linear character l
 .  .  .of HrO H , we may define another perfect isometry t l onto ch Bp9 1
t l.  .t  .via u s lu for each u g ch b . Also, yt is a perfect isometry. Our1
claim will be established, then, if we can show that the trivial character 1G
is of the form elt for some linear character l g b and for some sign e .1
Recall that we have our non-exceptional characters x , . . . , x and that1 e
among these is the trivial character of G. If x is trivial, then we are done,1
 .so assume re-labelling as necessary that x is trivial. We know that2
  . .tm y m 1 m vanishes on all p-singular elements. Hence e x y2 2 1 2 2
 .e m 1 x vanishes on all p-singular elements. Since x is trivial, this1 2 1 2
forces m to be linear, as required to complete the proof.2
REMARKS
Although it is stated somewhat more generally, the above result gives a
w xparticularly straightforward proof of a recent result of G. Cliff 1 , which
demonstrates the non-existence of a perfect isometry between the princi-
pal block of any Suzuki group and the principal block of its Sylow
2-normalizer by showing that the centre of the principal block of the
 2 nq1. Suzuki group Sz 2 over a suitable discrete valuation ring whose
.residue field has characteristic 2 is never isomorphic to the centre of the
group algebra of its Sylow 2-normalizer. The theorem above shows that no
 2 nq1.such perfect isometry can exist in this situation, since Sz 2 does not
have the necessary number of irreducible characters constant but non-
. zero on 2-singular elements from Suzuki's original character tables, there
2 n are precisely 2 irreducible characters in B which are constant but1
.  . 2 nq1 .non-zero on 2-singular elements, while , B s 2 y 1 .1
REFERENCE
1. G. Cliff, On centers of 2-blocks of Suzuki groups, J. Algebra, doi:10.1006rjabr.1999.8146.
